in-plane direction affect the functioning of small mechanical devices. For example, van der Waals forces (Lifshitz 1956; Tabor and Winterton 1969; Ninham and Parsegian 1970; Israelachvili 1972 Israelachvili , 1992 Prieve and Russel 1988; Matsuoka et al. 2005) have been found to affect the performance of a flying head over bit-patterned media (Li et al. 2009 (Li et al. , 2010 (Li et al. , 2012 Yoon and Talke 2010; Hirota et al. 2010; Li and Bogy 2011; Sheng and Xu 2011; Fukui et al. 2013; Li and Bogy 2013; Ono 2013; Zheng and Bogy 2013; Juang et al. 2014; Sheng and Xu 2014; Chen et al. 2015) . Changes in surface interactions owing to material distributions are also important in the more basic and academic fields such as contact mechanics, adhesion problems, and tribology (Johnson et al. 1971; Derjaguin et al. 1975; Tabor 1977; Maugis 1992; Bhushan 1999; Matsuoka et al. 2002) .
Introduction
Surface forces (e.g., van der Waals and meniscus forces) are very important in the fabrication, operation, and functions of small devices such as micro/nano-motors in micro/ nanoelectromechanical systems (MEMS/NEMS) and the head/disk interface (HDI) in hard disk drives. In these small systems, the material property distributions in the of the material distribution are considered: a periodic distribution of materials (Pattern 1, Fig. 1a ) and a distribution of two materials with a single interface (Pattern 2, Fig. 1b ) (Matsuoka et al. 2014) . The interaction stresses for the periodically distributed materials are derived based on a Fourier series, while the stresses for the distribution with the single interface are derived as elementary functions. The basic characteristics of these stresses are presented.
Derivation of interaction stresses
Let us consider the general equation of interaction stresses σ h -h . The LJ potential U(r ij ) for interacting atoms (molecules) i and j separated by a distance r ij in a surrounding medium k (see Fig. 2a ) is given by (Israelachvili 1992) where ε ikj is the depth of the potential well, σ ij the distance at which the potential is zero, and r ij the distance between the particles. The first and second terms on the (1) are the attractive and repulsive contributions, respectively. Matsuoka et al. (2013 Matsuoka et al. ( , 2014 have presented theoretical formulations for 1D distributions based only on the first (attractive) term. In our past studies (Matsuoka et al. 2014 (Matsuoka et al. , 2016 , the pressures were derived from the integration of the LJ potential, but in the present study the stresses are derived from the integration of the forces between atoms. The interaction force f a-a (r ij ) between atoms is given by where r ij is a vector from atom j to i, |r ij | = r ij , and Fig. 2 Interactions between materials. a Atom to atom interaction. b Atom to half-space interaction. c Interaction between half-spaces When atom i is on the z-axis at a distance D from the origin (D > 0) and there is a half-space B 2 that consists of the molecule j for z ≤ 0 (Fig. 2b) , the interaction force f a-h (D) between atom i and the half-space B 2 is given by where ρ j (x) is the number density of a molecule j in the halfspace B 2 , and |r| = r. We define the product of C δ_ikj (where the subscript δ can be a or r) and ρ j shown in Eq. (4) as the material property distribution function φ δ , i.e., Moreover, when atom i is distributed in D ≤ z ≤ ∞ (Fig. 2c) , the interaction stress σ h-h (D) between half-spaces is given by where ρ i is the number density of particle i. This stress is a vector with respect to the (0, 0, 1) surface and the y-component of σ h-h (D) is zero because the material distribution is in the x-direction only. Equation (7) is the general equation for the interaction stresses (pressures and shear stresses) on the (0, 0, 1) surface. The difference between Patterns 1 and 2 appears in the material property distribution function φ δ (Eq. 6).
3 The periodic material distribution (Pattern 1)
Interaction stresses for Pattern 1
Let us consider a half-space B 1 comprising a uniform material i and a half-space B 2 with a spatially periodic material distribution in the x-direction, as shown in Fig. 1a (Pattern 1) . The distance between the surfaces is D and the spatial
period of the material distribution of B 2 is 2L. The material distribution functions φ δ (Eq. 6) are a periodic function of x with the same spatial period 2L. By placing atom i at x = 0 and using a Fourier series expansion, the material property distribution function φ δ is given by where x 0 is the moving distance of half-space B 2 in the x-direction, and a δ0 , a δn , and b δn (n = 1-∞, δ = a or r) are the Fourier coefficients. By substituting Eq. (8) into Eqs. (4) and (7), the interaction stress of Pattern 1 σ p_(h-h) (x,x 0 ) is given by where p LJ_p (x,x 0 ) is the interaction pressure and τ LJ_p (x,x 0 ) is the interaction shear stress, and these are given by the following equations.
The interaction pressures for Pattern 1 are as follows:
where and (8)
The interaction shear stresses for Pattern 1 are as follows:
is the nondimensional moving distance in the x-direction, and x is an integral parameter. The definite integrals ψ δn and ξ δn (δ = a or r) (Eqs. 12, 14, 17, 19) are calculated numerically and the results are shown in Fig. 3 . The pressures have the non-fluctuation terms p a_p0 and p r_p0 and the fluctuation terms p a_pf and p r_pf , while the shear stresses have only the fluctuation terms τ a_p and τ r_p because the shear stresses are zero when the material is uniform. 
Application to a distribution of two materials
As a typical example of periodic material distributions, we consider a distribution of two materials (j = 2 or 4). This is the same condition as that used by Matsuoka et al. (2014) . The spatial period 2L, duty ratio α, and the material property distribution function φ δ for this case are shown in Fig. 4 . The function φ δ is a periodic step function and the Fourier coefficients are given by Using these Fourier coefficients, the interaction pressures are given by the following equations. The interaction pressures for Pattern 1 (two materials) are as follows: (Israelachvili 1992) . The Hamaker constants are calculated using Eqs. (11) and (13) in Israelachvili (1992) . As described in Matsuoka et al. (2013 Matsuoka et al. ( , 2014 Matsuoka et al. ( , 2016 , the following values are used: n 1 = n 2 = 1.9 (diamond-like carbon), n 3 = 1.0 (air), n 4 = cn 2 , where c is the refractive index ratio (c = 1.5), the distances σ 12 = σ 14 = 0.337 nm (carbon), and the index of the Fourier terms run up to 20
The surface distance D is generally a function of x. However, for the sake of simplicity, we consider D to be constant (parallel planes). That is, D is given by where D C = D C /L. This parallel plane condition is considered of essential importance.
The values used to calculate the interaction stresses are: the spatial period 2L = 4 nm, the duty ratio α = 0.5, Figure 5 shows the calculated results of the interaction pressures between parallel planes, where the blocks of alternating grey tones of the bottom of each figure show schematically the material distribution in x. The refractive index of the dark grey area (n 4 ) is larger than that of the light grey area (n 2 ). The attractive pressure p a_p has a negative value, while the repulsive pressure p r_p is positive. The total pressure p LJ_p exhibits abrupt changes at the material interfaces. The pressure is attractive when the surface distance is relatively large (Fig. 5a ), while it is repulsive for small surface distances (Fig. 5c ). As shown in Fig. 5b , the value of the total pressure change is around zero when D C = 0.24 nm, and is slightly repulsive on the average. When the non-fluctuation terms p a_p0 and p r_p0 are balanced, i.e., the following surface distance is obtained: which gives D = 0.241 nm using the parameter values adopted in this study.
The shear stresses are shown in Fig. 6 , where the shear stress is positive when it is in the positive direction of the x-axis. The surface distances, D C , are the same as those used in the pressure plots (Fig. 5) . A periodically inverting shear stress is obtained. Figure 7 shows a vector diagram of the stress distribution between parallel planes for the (0, 0, 1) surface. The repulsive term is dominant for small surface distances, while the attractive term is dominant for relatively large distances. The boundary is about 0.24 nm in this case, as mentioned above.
The distribution of two materials with a single interface (Pattern 2)
We consider that the half-space B 2 consists of two materials as shown in Fig. 1b (Pattern 2) . The material distribution is not periodic in this case, and B 2 has a single interface between the two bonding materials at x = x 0 . This situation is more fundamental than that of Pattern 1. The material property distribution function φ δ is given by
Through the same calculation process as Pattern 1, the interaction stress of Pattern 2 σ s_(h-h) (x, x 0 ) is given by where The interaction stresses are analytically obtained in this case, as was true for the reported van der Waals attractive pressure analyses (Matsuoka et al. 2014) . Similar to Sect. 3.1, it is found again that the pressures have non-fluctuation terms and fluctuation terms, but the shear stresses exhibit only the fluctuation terms.
Figures 8, 9 and 10 show the calculated results of Pattern 2 for the parallel planes, where the calculation conditions are the same as those for Pattern 1. Figure 8 plots the pressures, Fig. 9 plots the shear stresses, and Fig. 10 shows the vector diagram. It can be seen in Figs. 8 and 9 that the pressure and shear stress changes in the vicinity of the material interface are similar to those of Pattern 1. These pressures and shear stresses naturally approach to a constant value for values of x far from the material interface. In Fig. 10 , the green line shows the distance at which the interaction pressure is zero (p LJ_s = 0) and the blue line shows the distance at which the interaction shear stress is zero (τ LJ_s = 0).
(39) γ = (x 0 − x) 2 + {D(x)} 2 .
Conclusions
A calculation method of the interaction stresses, i.e., pressures and shear stresses, acting between a half-space consisting of a uniform material and a half-space with onedimensional (1D) material distributions in the in-plane direction was established. The interaction stress was derived from the Lennard-Jones potential as a vector for the (0, 0, 1) surface, where the x-component of the vector was the shear stress, the z-component was the pressure, and the y-component was always zero because the material was distributed only in the x-direction. Two patterns of the material distribution were considered: a periodic distribution of materials (Pattern 1) and a distribution of two materials with a single interface (Pattern 2). The interaction stresses for the periodically distributed materials were derived based on a Fourier series, while the stresses for the distribution with the single interface were derived as elementary functions. It was found that the pressures have non-fluctuation terms and fluctuation terms, while the shear stresses have only the fluctuation terms because the shear stresses are zero when the material is uniform. The basic characteristics of these interaction stresses for parallel planes were quantitatively clarified by presenting the distributions and vector diagrams of the interaction stresses.
